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On some self-orthogonal codes from My

Mathieu group My

My is simple group of order 7920 which has 39 non-equivalent transitive permutation
representations.

Among others, lattice of M1 is consisted of 1 subgroup of index 22, 1 subgroup of
index 55, 1 subgroup of index 66, 3 subgroups of index 110, 2 subgroups of index 132,
1 subgroup of index 144 and 1 subgroup of index 165. Subgroup of Mj; with largest
index has index 3960.

Using mentioned subgroups we obtained transitive permutation representations of Mj;
on 22,55,66,110,132,144 and 165 points.
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On some self-orthogonal codes from My

Weakly self-orthogonal designs

An incidence structure D = (P, B,Z), with point set P, block set B and incidence Z is
called a t — (v, k, \) design, if P contains v points, every block B € B is incident with
k points, and every t distinct points are incident with A\ blocks.

The incidence matrix of a design is a b x v matrix [mj;] where b and v are the
numbers of blocks and points respectively, such that m;; = 1 if the point P; and the
block B; are incident, and mjj = 0 otherwise.

A design is weakly g-self-orthogonal if all the block intersection numbers gives the
same residue modulo q.

A weakly g-self-orthogonal design is g-self-orthogonal if the block intersection
numbers and the block sizes are multiples of gq.

Specially, weakly 2-self-orthogonal design is called weakly self-orthogonal design, and
2-self-orthogonal design is called self-orthogonal.
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On some self-orthogonal codes from My

L Weakly self-orthogonal designs from My;

Construction

Theorem ([2])

Let G be a finite permutation group acting transitively on the sets 1 and 0, of size
m and n, respectively. Let o€ 1 and Ay = | Ji_; 6;Ga, where §;,...,8s € S are
representatives of distinct Gu-orbits. If Ay # Q0 and

B={Axg|ge G}

then D = (Q,B) is 1 — (n, |Asl, % 37 |Gs,|) design with Té‘ff' blocks.

Using mentioned construction for transitive permutation representations of Mj1, we
constructed 169 non-isomorphic weakly self-orthogonal designs:

> 6 designs on 66 points,
> 41 designs on 110 points,
> 76 designs on 132 points,
> 26 designs on 144 points,
> 20 designs on 165 points.
Two of constructed designs are 2-designs: 2 — (144,66, 30) and its complement. caerv or xiscxs
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L Codes from M7

Codes from weakly self-orthogonal designs

Theorem ([1])

Let D be weakly self-orthogonal design and let M be it's b x v incidence matrix.
> If D is a self-orthogonal design, then the matrix M generates a binary
self-orthogonal code.
> If D is such that k is even and the block intersection numbers are odd, then the
matrix [l,, M, 1] generates a binary self-orthogonal code.
> If D is such that k is odd and the block intersection numbers are even, then the
matrix [lp, M] generates a binary self-orthogonal code.

> If D is such that k is odd and the block intersection numbers are odd, then the
matrix [M, 1] generates a binary self-orthogonal code.
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On some self-orthogonal codes from My

L Codes from M7
Codes from weakly g-self-orthogonal designs

Theorem

Let q be prime power and Fq a finite field of order q. Let D be a weakly
g-self-orthogonal design such that k = a (mod q) and |B; n Bj| = d (mod q), for all
i,je{l,...,b}, i # j, where B; and B; are two blocks of a design D. Let M be it's
b x v incidence matrix.

> If D is q self-orthogonal design, then M generates a self-orthogonal code over Fy.

» Ifa=0 and d # 0, then the matrix [\/d - I,, M,v/—d - 1] generates a
self-orthogonal code over F, where F = Fq if —d is a square in Fq, and F = F
otherwise.

» Ifa# 0 and d = 0, then the matrix [M,\/—a - I,] generates a self-orthogonal
code over F, where F = Fq if —a is a square in Fq, and F =F > otherwise.

> If a# 0 and d # 0, there are two cases:

1. if a = d, then the matrix [M,~/—d - 1] generates a self-orthogonal code over F, where
F = Fq if —a is a square in Fy, and F = Iqu otherwise, and

2. if a # d, then the matrix [\/d — a- I, M,\/—d - 1] generates a self-orthogonal code
over F, where F = Fq if —d is a square inFq, and F = qu otherwise.

> g
P
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On some self-orthogonal codes from My

L Codes from M7

Some results...

From permutation representations of Mi; on less than 165 points (inclusive), from
incidence matrices of weakly self-orthogonal designs we constructed at least 70
non-equivalent non-trivial binary self-orthogonal codes:

> 6 codes from Mj; on 66 points,

> 14 or more codes from Mj; on 110 points,
> 37 or more codes from Mj; on 132 points,
> 3 or more codes from Mj; on 144 points,

> 10 or more codes from Mj; on 165 points.
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Orbit matrices

Let D be a 1 — (v, k, ) design and G be an automorphism group of the design. Let
vi = V1|, ..., vo = |[Vn| be the sizes of point orbits and by = |By|,..., bm = |Bm| be
the sizes of block orbits under the action of the group G. We define an orbit matrix as
m X n matrix:

a1l a2 cee dain

ani ano e azn
0= ,

aml am2 ... amn

where aj; is the number of points of the orbit V; incident with a block of the orbit B3;.
It is easy to see that the matrix is well-defined and that k = ZJ'-’ZI ajj-

For x € Bs, by counting the incidence pairs (P, x’) such that x’ € B; and P is incident
with the block x, we obtain

m
’ by
Z Ix x| = Z 3, 299
x'€B¢ j=1 "
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Let D be a weakly g-self-orthogonal design such that
k = a (mod q)

and
|Bi n Bj| = d (mod q),

for all i,j e {1,...,b}, i # j, where B; and B; are two blocks of a design D.

Let G be an automorphism group of the design which acts on D with n point orbits of
length w and block orbits of length by, by, ..., bm, and let O be an orbit matrix of a
design D under the action of a group G.

For x € Bs and s # t it follows that

%O[s] - O[t] = btd (mod q), (1)
%O[s] -O[s] =a+ (bs —1)d (mod q). (2)
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Codes from orbit matrices of g-self-orthogonal 1-designs

Theorem ([3])

Let D be a self-orthogonal 1-design and G be an automorphism group of the design
which acts on D with n point orbits of length w and block orbits of length

b, bo, ..., bm such that b; = 2°- b, w=2"-w', o< u,2/ b},w, for
i€{1,...,m}. Then the binary code spanned by the rows of orbit matrix of the design
D (under the action of the group G) is a self-orthogonal code of length .

Theorem

Let q be prime power and IFq a finite field of order p.

Let D be a q self-orthogonal 1-design and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length
w. Then the linear code spanned by the rows of orbit matrix of the design D (under
the action of the group G) is a self-orthogonal code over Fq of length %
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'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Case 2

Theorem

Let D be a weakly self-orthogonal 1-design such that k is even and the block
intersection numbers are odd and G be an automorphism group of the design which
acts on D with n point orbits of length w and block orbits of length b1, by, ..., bm
such that bj = 2° - b, w=2"-w', o< u,2}b,,w forie{l,...,m}. Let O be the
orbit matrix of D under action of a group G.
a) If o = u =0, then the binary linear code spanned by the rows of the matrix
[Im, O] is a self-orthogonal code of the length m + .
b) If o =1 and o = u then the binary linear code spanned by the rows of the matrix
[Im, O,1] is a self-orthogonal code of the length m + 7 + 1.

b) If o < u, then binary linear code spanned by the rows of the matrix O is a
self-orthogonal code of the length ..
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Case 2 (over IFy)

Theorem

Let q be prime power and Iy a finite field of order p.

Let D be a weakly g-self-orthogonal 1-design such that k = 0 (mod q) and

|Bi n Bj| = d (mod q), for alli,je{1,...,b}, i # j, where B; and B; are two blocks
of a design D, and let G be an automorphism group of the design which acts on D
with n point orbits of length w and m block orbits of length w and let O be the orbit
matrix of D under action of a group G.

a) If p| w, then linear code spanned by the rows of the matrix [\/—dIm, O] is a
self-orthogonal code over the field F, where F = IFy if d is a square in Fq, and
F =Fg. otherwise.

b) If p| w — 1, then linear code spanned by the rows of the matrix
[Vwdln, O,~/—wd1] is a self-orthogonal code over the field F, where F = Fq if
wd is a square in Fgq, and F = qu otherwise.

c) If pywandpfw—1, then linear code spanned by the rows of the matrix
[v/wd — (w — 1)dIm, O,+/—wd1] is a self-orthogonal code over the field F,
—

where F = Fq if —wd is a square in Fq, and F = F » otherwise.
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Case 3

Theorem ([3])

Let D be a weakly self-orthogonal 1-design such that k is odd and the block
intersection numbers are even and G be an automorphism group of the design which
acts on D with n point orbits of length wand block orbits by, by, ..., by such that
by =2°-b, w=2"-w, o< u2/}bj,w, forie{l,...,m}. Let O be the orbit
matrix of D under action of a group G.
a) If o = u, then he binary linear code spanned by the rows of matrix [Im, O] is a
self-orthogonal code of length m + %

b) If o < u, then he binary linear code spanned by the rows of matrix O is a
self-orthogonal code of length .

Theorem

Let q be prime power and Iy a finite field of order p.

Let D be a weakly g-self-orthogonal design such that k = a (mod q) and block
intersection numbers are multiples of q, and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length
w. Then the linear code spanned by the rows of matrix [\/—alm, O], where O is orbit
matrix of the design D (under the action of the group G), is a self-orthogonal code

over F, where ¥ = Fq if a is a square in Fq, and F =F > otherwise. WETES
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Case 4

Theorem

Let D be a weakly self-orthogonal 1-design such that k is odd and the block
intersection numbers are odd and G be an automorphism group of the design which
acts on D with n point orbits of length w and block orbits of length by, ba, ..., bm
such that bj = 2° - b}, w=2"-w', o< u,2/bl,w, forie{l,...,m}. Let O be the
orbit matrix of D under action of a group G.

a) If o = u =0, then the binary linear code spanned by the rows of the matrix
[0,1] is a self-orthogonal code of the length - + 1.

b) Otherwise, the binary linear code spanned by the rows of the matrix O is a
self-orthogonal code of the length %
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Theorem

Let q be prime power and Fy a finite field of order q. Let D be a1 — (v, k, r) design
such that k = a (mod q) and |B; n Bj| = d (mod q), forall i,je{1,...,b}, i # ],
where B; and B; are two blocks of a design D, and let G be an automorphism group
of the design which acts on D with n point orbits of length w and m block orbits of
length w and let O be the orbit matrix of D under action of a group G.

> If a = d we differ two cases.

a) If p| w, then linear code spanned by the rows of the matrix O is a self-orthogonal code
over the field IFg.

b) If pt w, then linear code spanned by the rows of the matrix [\/—alm, O] is a
self-orthogonal code over the field F, where F = Fq if —a is square root in Fq, and
F= ]Fq2 otherwise.

> If a # d, we differ three cases.

a) If p | w, then linear code spanned by the rows of the matrix [\/d — aly, O] is a
self-orthogonal code over the field F, where F = F if d — a is square root in Fq, and
F =T otherwise.

b) If p| w — 1, then linear code spanned by the rows of the matrix
[vVwd — alm, O, +/—wd1] is a self-orthogonal code over the field F, where F = Fq if
—wd is square root in Fq, and F = qu otherwise.

c) Ifptw and ptw — 1, then binary linear code spanned by the rows of the matrix
[v/d — alm, O, /—wd1] is a self-orthogonal code over the field F, where F = Fq if
—wd is square root in Fq, and F = ]qu otherwise.
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On some self-orthogonal codes from My

'— Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Some results...

From permutation representations of Mi; on less than 165 points (inclusive), from
orbit matrices we constructed at least 87 non-equivalent non-trivial binary
self-orthogonal codes:

> 2 codes from Mj; on 66 points,

» 22 codes from Mj; on 110 points,

» 21 codes from Mj; on 132 points,

> 24 or more codes from Mj; on 144 points,
> 18 or more codes from Mj; on 165 points.

8 of constructed codes are optimal:
[10,4,4],[12,5,4](2),[12,6,4],[12,11, 2], [16,5, 8], [24,12, 8], [31, 15, 8] and one of
them is best known: [96,48,16].
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Codes from orbit matrices of weakly g-self-orthogonal 1-designs

Thank you for your attention!
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