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On some self-orthogonal codes from M11

Mathieu group M11

M11 is simple group of order 7920 which has 39 non-equivalent transitive permutation
representations.

Among others, lattice of M11 is consisted of 1 subgroup of index 22, 1 subgroup of
index 55, 1 subgroup of index 66, 3 subgroups of index 110, 2 subgroups of index 132,
1 subgroup of index 144 and 1 subgroup of index 165. Subgroup of M11 with largest
index has index 3960.

Using mentioned subgroups we obtained transitive permutation representations of M11

on 22, 55, 66, 110, 132, 144 and 165 points.
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Weakly self-orthogonal designs

An incidence structure D “ pP,B, Iq, with point set P, block set B and incidence I is
called a t ´ pv , k, λq design, if P contains v points, every block B P B is incident with
k points, and every t distinct points are incident with λ blocks.

The incidence matrix of a design is a b ˆ v matrix rmij s where b and v are the
numbers of blocks and points respectively, such that mij “ 1 if the point Pj and the
block Bi are incident, and mij “ 0 otherwise.

A design is weakly q-self-orthogonal if all the block intersection numbers gives the
same residue modulo q.
A weakly q-self-orthogonal design is q-self-orthogonal if the block intersection
numbers and the block sizes are multiples of q.

Specially, weakly 2-self-orthogonal design is called weakly self-orthogonal design, and
2-self-orthogonal design is called self-orthogonal.
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Weakly self-orthogonal designs from M11

Construction

Theorem ([2])

Let G be a finite permutation group acting transitively on the sets Ω1 and Ω2 of size
m and n, respectively. Let α P Ω1 and ∆2 “

Ťs
i“1 δiGα, where δi , . . . , δs P Ω2 are

representatives of distinct Gα-orbits. If ∆2 ‰ Ω2 and

B “ t∆2g | g P Gu,

then D “ pΩ2,Bq is 1´ pn, |∆2|,
|Gα|

|G∆2
|

řn
i“1 |αGδi |q design with m¨|Gα|

|G∆2
|

blocks.

Using mentioned construction for transitive permutation representations of M11, we
constructed 169 non-isomorphic weakly self-orthogonal designs:

§ 6 designs on 66 points,

§ 41 designs on 110 points,

§ 76 designs on 132 points,

§ 26 designs on 144 points,

§ 20 designs on 165 points.

Two of constructed designs are 2-designs: 2´ p144, 66, 30q and its complement.
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Codes from M11

Codes from weakly self-orthogonal designs

Theorem ([1])

Let D be weakly self-orthogonal design and let M be it’s b ˆ v incidence matrix.

§ If D is a self-orthogonal design, then the matrix M generates a binary
self-orthogonal code.

§ If D is such that k is even and the block intersection numbers are odd, then the
matrix rIb,M, 1s generates a binary self-orthogonal code.

§ If D is such that k is odd and the block intersection numbers are even, then the
matrix rIb,Ms generates a binary self-orthogonal code.

§ If D is such that k is odd and the block intersection numbers are odd, then the
matrix rM, 1s generates a binary self-orthogonal code.
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Codes from M11

Codes from weakly q-self-orthogonal designs

Theorem

Let q be prime power and Fq a finite field of order q. Let D be a weakly
q-self-orthogonal design such that k ” a (mod q) and |Bi X Bj | ” d (mod q), for all
i , j P t1, . . . , bu, i ‰ j , where Bi and Bj are two blocks of a design D. Let M be it’s
b ˆ v incidence matrix.

§ If D is q self-orthogonal design, then M generates a self-orthogonal code over Fq .

§ If a “ 0 and d ‰ 0, then the matrix r
?
d ¨ Ib,M,

?
´d ¨ 1s generates a

self-orthogonal code over F, where F “ Fq if ´d is a square in Fq , and F “ Fq2

otherwise.

§ If a ‰ 0 and d “ 0, then the matrix rM,
?
´a ¨ Ibs generates a self-orthogonal

code over F, where F “ Fq if ´a is a square in Fq , and F “ Fq2 otherwise.

§ If a ‰ 0 and d ‰ 0, there are two cases:
1. if a “ d, then the matrix rM,

?
´d ¨ 1s generates a self-orthogonal code over F, where

F “ Fq if ´a is a square in Fq , and F “ Fq2 otherwise, and

2. if a ‰ d, then the matrix r
?
d ´ a ¨ Ib,M,

?
´d ¨ 1s generates a self-orthogonal code

over F, where F “ Fq if ´d is a square in Fq , and F “ Fq2 otherwise.
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Codes from M11

Some results...

From permutation representations of M11 on less than 165 points (inclusive), from
incidence matrices of weakly self-orthogonal designs we constructed at least 70
non-equivalent non-trivial binary self-orthogonal codes:

§ 6 codes from M11 on 66 points,

§ 14 or more codes from M11 on 110 points,

§ 37 or more codes from M11 on 132 points,

§ 3 or more codes from M11 on 144 points,

§ 10 or more codes from M11 on 165 points.
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Orbit matrices

Let D be a 1´ pv , k, λq design and G be an automorphism group of the design. Let
v1 “ |V1|, . . . , vn “ |Vn| be the sizes of point orbits and b1 “ |B1|, . . . , bm “ |Bm| be
the sizes of block orbits under the action of the group G . We define an orbit matrix as
m ˆ n matrix:

O “

»

—

—

—

–

a11 a12 . . . a1n

a21 a22 . . . a2n

...
...

. . .
...

am1 am2 . . . amn

fi

ffi

ffi

ffi

fl

,

where aij is the number of points of the orbit Vj incident with a block of the orbit Bi .
It is easy to see that the matrix is well-defined and that k “

řn
j“1 aij .

For x P Bs , by counting the incidence pairs pP, x 1q such that x 1 P Bt and P is incident
with the block x , we obtain

ÿ

x1PBt

|x X x 1| “
m
ÿ

j“1

bt

vj
asjatj .
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Let D be a weakly q-self-orthogonal design such that

k ” a (mod q)

and
|Bi X Bj | ” d (mod q),

for all i , j P t1, . . . , bu, i ‰ j , where Bi and Bj are two blocks of a design D.
Let G be an automorphism group of the design which acts on D with n point orbits of
length w and block orbits of length b1, b2, . . . , bm, and let O be an orbit matrix of a
design D under the action of a group G .
For x P Bs and s ‰ t it follows that

bt

w
Orss ¨ Orts ” btd (mod q), (1)

bs

w
Orss ¨ Orss ” a` pbs ´ 1qd (mod q). (2)
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Codes from orbit matrices of q-self-orthogonal 1-designs

Theorem ([3])

Let D be a self-orthogonal 1-design and G be an automorphism group of the design
which acts on D with n point orbits of length w and block orbits of length
b1, b2, . . . , bm such that bi “ 2o ¨ b1i , w “ 2u ¨ w 1, o ď u, 2 ffl b1i ,w

1, for
i P t1, . . . ,mu. Then the binary code spanned by the rows of orbit matrix of the design
D (under the action of the group G) is a self-orthogonal code of length v

w
.

Theorem

Let q be prime power and Fq a finite field of order p.
Let D be a q self-orthogonal 1-design and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length
w . Then the linear code spanned by the rows of orbit matrix of the design D (under
the action of the group G) is a self-orthogonal code over Fq of length v

w
.
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Case 2

Theorem

Let D be a weakly self-orthogonal 1-design such that k is even and the block
intersection numbers are odd and G be an automorphism group of the design which
acts on D with n point orbits of length w and block orbits of length b1, b2, . . . , bm
such that bi “ 2o ¨ b1i , w “ 2u ¨ w 1, o ď u, 2 ffl b1i ,w

1 for i P t1, . . . ,mu. Let O be the
orbit matrix of D under action of a group G .

a) If o “ u “ 0, then the binary linear code spanned by the rows of the matrix
rIm,Os is a self-orthogonal code of the length m ` v

w
.

b) If o ě 1 and o “ u then the binary linear code spanned by the rows of the matrix
rIm,O, 1s is a self-orthogonal code of the length m ` v

w
` 1.

b) If o ă u, then binary linear code spanned by the rows of the matrix O is a
self-orthogonal code of the length v

w
.
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Case 2 (over Fq)

Theorem

Let q be prime power and Fq a finite field of order p.
Let D be a weakly q-self-orthogonal 1-design such that k ” 0 (mod q) and
|Bi X Bj | ” d (mod q), for all i , j P t1, . . . , bu, i ‰ j , where Bi and Bj are two blocks
of a design D, and let G be an automorphism group of the design which acts on D
with n point orbits of length w and m block orbits of length w and let O be the orbit
matrix of D under action of a group G .

a) If p | w, then linear code spanned by the rows of the matrix r
?
´dIm,Os is a

self-orthogonal code over the field F, where F “ Fq if d is a square in Fq , and
F “ Fq2 otherwise.

b) If p | w ´ 1, then linear code spanned by the rows of the matrix
r
?
wdIm,O,

?
´wd1s is a self-orthogonal code over the field F, where F “ Fq if

wd is a square in Fq , and F “ Fq2 otherwise.

c) If p ffl w and p ffl w ´ 1, then linear code spanned by the rows of the matrix
r
a

wd ´ pw ´ 1qdIm,O,
?
´wd1s is a self-orthogonal code over the field F,

where F “ Fq if ´wd is a square in Fq , and F “ Fq2 otherwise.
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On some self-orthogonal codes from M11

Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Case 3

Theorem ([3])

Let D be a weakly self-orthogonal 1-design such that k is odd and the block
intersection numbers are even and G be an automorphism group of the design which
acts on D with n point orbits of length wand block orbits b1, b2, . . . , bm such that
bi “ 2o ¨ b1i , w “ 2u ¨ w 1, o ď u, 2 ffl b1i ,w

1, for i P t1, . . . ,mu. Let O be the orbit
matrix of D under action of a group G .

a) If o “ u, then he binary linear code spanned by the rows of matrix rIm,Os is a
self-orthogonal code of length m ` v

w
.

b) If o ă u, then he binary linear code spanned by the rows of matrix O is a
self-orthogonal code of length v

w
.

Theorem

Let q be prime power and Fq a finite field of order p.
Let D be a weakly q-self-orthogonal design such that k ” a (mod q) and block
intersection numbers are multiples of q, and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length
w . Then the linear code spanned by the rows of matrix r

?
´aIm,Os, where O is orbit

matrix of the design D (under the action of the group G), is a self-orthogonal code
over F, where F “ Fq if a is a square in Fq , and F “ Fq2 otherwise.
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Case 4

Theorem

Let D be a weakly self-orthogonal 1-design such that k is odd and the block
intersection numbers are odd and G be an automorphism group of the design which
acts on D with n point orbits of length w and block orbits of length b1, b2, . . . , bm
such that bi “ 2o ¨ b1i , w “ 2u ¨ w 1, o ď u, 2 ffl b1i ,w

1, for i P t1, . . . ,mu. Let O be the
orbit matrix of D under action of a group G .

a) If o “ u “ 0, then the binary linear code spanned by the rows of the matrix
rO, 1s is a self-orthogonal code of the length v

w
` 1.

b) Otherwise, the binary linear code spanned by the rows of the matrix O is a
self-orthogonal code of the length v

w
.

16 / 19



On some self-orthogonal codes from M11

Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Theorem

Let q be prime power and Fq a finite field of order q. Let D be a 1´ pv , k, rq design
such that k ” a (mod q) and |Bi X Bj | ” d (mod q), for all i , j P t1, . . . , bu, i ‰ j ,
where Bi and Bj are two blocks of a design D, and let G be an automorphism group
of the design which acts on D with n point orbits of length w and m block orbits of
length w and let O be the orbit matrix of D under action of a group G .

§ If a “ d we differ two cases.

a) If p | w, then linear code spanned by the rows of the matrix O is a self-orthogonal code
over the field Fq.

b) If p - w, then linear code spanned by the rows of the matrix r
?
´aIm,Os is a

self-orthogonal code over the field F, where F “ Fq if ´a is square root in Fq, and
F “ Fq2 otherwise.

§ If a ‰ d , we differ three cases.
a) If p | w, then linear code spanned by the rows of the matrix r

?
d ´ aIm,Os is a

self-orthogonal code over the field F, where F “ Fq if d ´ a is square root in Fq, and
F “ Fq2 otherwise.

b) If p | w ´ 1, then linear code spanned by the rows of the matrix
r
?
wd ´ aIm,O,

?
´wd1s is a self-orthogonal code over the field F, where F “ Fq if

´wd is square root in Fq, and F “ Fq2 otherwise.

c) If p - w and p - w ´ 1, then binary linear code spanned by the rows of the matrix
r
?
d ´ aIm,O,

?
´wd1s is a self-orthogonal code over the field F, where F “ Fq if

´wd is square root in Fq, and F “ Fq2 otherwise.
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Some results...

From permutation representations of M11 on less than 165 points (inclusive), from
orbit matrices we constructed at least 87 non-equivalent non-trivial binary
self-orthogonal codes:

§ 2 codes from M11 on 66 points,

§ 22 codes from M11 on 110 points,

§ 21 codes from M11 on 132 points,

§ 24 or more codes from M11 on 144 points,

§ 18 or more codes from M11 on 165 points.

8 of constructed codes are optimal:
r10, 4, 4s, r12, 5, 4sp2q, r12, 6, 4s, r12, 11, 2s, r16, 5, 8s, r24, 12, 8s, r31, 15, 8s and one of
them is best known: r96, 48, 16s.
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Codes from orbit matrices of weakly q-self-orthogonal 1-designs

Thank you for your attention!
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