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g-Analogues Model

Finite set ~ Finite dim vector space over [
Element ~ 1-dim subspace

0 ~ {0}

Cardinality ~ Dimension

Intersection ~ Intersection

Union ~ Sum
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Examples

1. Binomials and g-binomials:

k—1 . k—1 n—i
ny n—.i n B 1—q
(k)_, k—1i' (k) _I,Il—qk—"
=0 q =0

2. (Chu)-Vandermonde and g-Vandermonde identity:

(=S (=S () )

Jj=0 J=0
3. Polynomials and g-polynomials:
k q q*
a+ ar1Xx+ ...+ akx", agX + a1x’ + ...+ ax? .

4. Gamma and g-Gamma functions:

Mz+1)=2zl[(z), Mg(x+1)= - Mg(x).
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Vandermonde Matrix

Let kK < n.
1 1 1
aq ap Qp
2 2 2
V = ag a5 o
k-1 k-1 k—1
ay as Qan
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Vandermonde Matrix

Let kK < n.
1 1 1
aq ap Qp
2 2 2
V = ag a5 o
k—1 k—1 k—1
oy as ap

For n = k, det(V) # 0 if and only if the «;'s are all distinct.

H{ai,...,ap}| =n.

In particular, all the kK x k minors of V' are non-zero.
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Moore Matrix

Let k < n.
g1 g2 . 9n
9 9 .. g}
G = . .
k1 ko1 P
9 9 i
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Moore Matrix

Let k < n.
g1 g2 . 9n
9 9 .. g}
G = . . .
k—1 -k—l k—1
9 9 i

For n = k, det(G) # 0 if and only if the g;'s are all Fg-linearly
independent.
dimg (g1, - ... gn)r, = N.

In particular, for every M € GL,(F), all the k x k minors of GM are
non-zero.
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Moore Matrix

Let kK < n, o x— x4
J1 92 9n
o(g1) o(g2) ... o(gn)
G= , . .
o Yg) o Hg) ... o (gn)

For n = k, det(G) # 0 if and only if the g;'s are all Fg-linearly
independent.

dimg, (91, - . ., 9n)F, = N.

In particular, for every M € GL,(F), all the k x k minors of GM are
non-zero.
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Moore matrix

1. Dickson used the Moore matrix for finding the modular invariants of
the general linear group over a finite field.

2. It is widely used in the study of normal bases of finite fields.

det(G) = H H (clgi 4+ ci-19i-1 + 9i).-

1<i<ncy,....ci—1€Fq
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Generalized Cauchy Matrix

(1) xq,..., xr € Fy pairwise distinct,
(2) vi,..., ¥s € Py pairwise distinct,

(3) Vi, ., Vs € Fq \ {Xl ..... Xr},
(4) Cl ..... Cr,d]_ ..... ds EIF*
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Generalized Cauchy Matrix

(1) xq,..., xr € Fy pairwise distinct,
(2) vi,..., ¥s € Py pairwise distinct,

(3) Vi, ., Vs € Fq \ {Xl ..... Xr},
(4) Cl ..... Cr,d]_ ..... ds EIF*

The matrix X € F;*° defined by

C,'dJ'

X —
i) Xi—

is called Generalized Cauchy (GC) Matrix.

For j < min{r, s}, all the j x j minors are non-zero.
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Question

How to define a g-analogue
of Cauchy matrices?
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Generalized Reed-Solomon Codes

[Reed, Solomon '60]

o Fy[x]<k == {f(x) € Fg[x] | deg f < k}. J
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Generalized Reed-Solomon Codes

[Reed, Solomon '60]

o Fy[x]<k == {f(x) € Fg[x] | deg f < k}. J
e a1,..., a, € Fy distinct elements
o bl ..... bn E FE
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Generalized Reed-Solomon Codes

[Reed, Solomon '60]

o Fy[x]<k == {f(x) € Fg[x] | deg f < k}. J
e a1,..., a, € Fy distinct elements
o bl ..... bn E FE

o C={(bif(o1), bof(a2), ..., bnf(an)) | f € Fg[x]<k}

THEN

C is the Generalized Reed-Solomon code GRS, «(a, b)

Alessandro Neri 19 June 2019 9/ 19



Generalized Reed-Solomon Codes

[Reed, Solomon '60]

o Fy[x]<k == {f(x) € Fg[x] | deg f < k}. J
e a1,..., op € Fgs.t. {aa, ..., antl=n
@ by,..., bp € Ty

o C={(b:1f(a1), baf(e2), ..., baf(an)) | f € Fg[x]<k}
THEN

C is the Generalized Reed-Solomon code GRS, «(a, b)
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Canonical Generator Matrix for GRS codes

Consider the canonical monomial basis {1, x, ..., x*"1} and evaluate it.
We get the following generator matrix

Weighted Vandermonde (WV) matrix

1 1 1
aq ap Qp
2 > 2 i
oh e ap diag(b)
k=1  _k— k—1
3] as o
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GRS Codes and Cauchy Matrices

1. Every [n, k]q code has many generator matrices G € ]F’;X”.

2. Every [n, k]q code has a unique generator matrix in Reduced Row
Echelon Form (RREF).
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GRS Codes and Cauchy Matrices

1. Every [n, k]q code has many generator matrices G € ]F’;X”.

2. Every [n, k]q code has a unique generator matrix in Reduced Row
Echelon Form (RREF).

3. If C is MDS the generator matrix in RREF is of the form (/x | X).

4. GRS codes are MDS.
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GRS Codes and Cauchy Matrices

1. Every [n, k]q code has many generator matrices G € ]F’;X”.

2. Every [n, k]q code has a unique generator matrix in Reduced Row
Echelon Form (RREF).

3. If C is MDS the generator matrix in RREF is of the form (/x | X).

4. GRS codes are MDS.

Theorem [Roth, Seroussi '85]

There is a 1-1 correspondence between GC matrices and GRS codes

codes given by
X «— rowsp( lx | X ).
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General Setting

C IFgm extension field of degree m of a finite field .
C Fgm =F7" as vector spaces over Fy.

C FJn =TF7™" as vector spaces over .
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General Setting

C IFgm extension field of degree m of a finite field .
C Fgm =F7" as vector spaces over Fy.
C FJn =TF7™" as vector spaces over .

The rank distance dr on Fg’*" is defined by
dr(X,Y) :=rk(X =Y), X, YecF"

The rank distance dg on Fgn is defined by

dr(u, v) :=dim{uy —vi, 0 — vo, ..., Un — Vn)F,-

A rank metric code C is a subset of ]Fgm equipped with the rank distance.

19 June 2019 12 /19
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Linearized Polynomials and Gabidulin Codes

[Delsarte '78], [Gabidulin '85], [Roth '91], [Kshevetskiy, Gabidulin '05]

m—1 )
@ Y fix9 a linearized polynomial over Fym,
=0

o Gy = {fox+ Ax9 4 4 feqgxdT | i EIE‘qm}.
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Linearized Polynomials and Gabidulin Codes

[Delsarte '78], [Gabidulin '85], [Roth '91], [Kshevetskiy, Gabidulin '05]

m—1 )
@ Y fix9 a linearized polynomial over Fym,
=0

o Gy = {fox+ Aix? 4+ ...+ fk_lqu_l | fi EIE‘qm}.

@ gi,..., 9n € Fym linearly independent over Iy
o C={(f(91).1(g2).. ... f(9n)) | F € Gy}
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Linearized Polynomials and Gabidulin Codes

[Delsarte '78], [Gabidulin '85], [Roth '91], [Kshevetskiy, Gabidulin '05]

m—1 )
@ Y fix9 a linearized polynomial over Fym,
=0

o Gy = {fox+ Aix? 4+ ...+ fk_lqu_l | fi EIE‘qm}.

@ gi,..., 9n € Fym linearly independent over Iy
o C={(f(91).1(g2).. ... f(9n)) | F € Gy}
THEN

C is the Gabidulin code Gx(g1, - . ., 9n)
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Linearized Polynomials and Gabidulin Codes

[Delsarte '78], [Gabidulin '85], [Roth '91], [Kshevetskiy, Gabidulin '05]

m—1 )
@ Y fix9 a linearized polynomial over Fym,
pry

o Gy = {f0x+ Ax9+ ...+ fk_lqu_l | fi EIE‘qm}.

® gi...., gn € Fym s.t. dim(gy, ..., 9n)F, = N.
o C={(f(g1). f(92).---. f(gn)) | f € Gk}

THEN

C is the Gabidulin code Gk(91, - -, 9n)

Alessandro Neri 19 June 2019
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Canonical Generator Matrix for Gx(gi,

Let
g . ]qu —_— qu
z — Zz9

be the g-Frobenius automorphism.
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Canonical Generator Matrix for Gi(91, ..., gn)

Let
g . ]qu — qu
z — Zz9
be the g-Frobenius automorphism.

Consider the canonical monomial basis {x, x9, ..., x9 "} and evaluate it.
We get the following generator matrix

g1 g2 S 9n
o(g1) o(92) . o(gn)

kal'(gl) kal'(g2) o.kfll(gn)
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Hamming vs Rank Distance: Recap

dH

dr
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Hamming vs Rank Distance: Recap

dy GRS codes

dr
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Hamming vs Rank Distance: Recap

dy GRS codes

!

dr | Gabidulin codes
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Hamming vs Rank Distance: Recap

dy GRS codes <—— WV matrices

!

dr | Gabidulin codes
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Hamming vs Rank Distance: Recap

dy GRS codes <—— WV matrices

I !

dr | Gabidulin codes <«+— Moore matrices
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Hamming vs Rank Distance: Recap

dy GRS codes <—— WV matrices <+— GC matrices

I !

dr | Gabidulin codes <«+— Moore matrices
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Hamming vs Rank Distance: Recap

dy GRS codes <—— WV matrices <+— GC matrices
dr | Gabidulin codes <«— Moore matrices <+— 77
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Hamming vs Rank Distance: Recap

dy GRS codes <—— WV matrices <+— GC matrices
dr | Gabidulin codes <«— Moore matrices <+— 77
(Possible) definition of a g-analogue of Cauchy matrices! )
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GRC Matrix

Let v € Fgm such that Tr(y) # 0 and s be an integer coprime to m. We
define the map

T qu — ]qu
a — —ry T () Tiso(o(@)))
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GRC Matrix

Let v € Fgm such that Tr(y) # 0 and s be an integer coprime to m. We
define the map

T qu — ]qu

@ ity O (o) Sjo(e/(e))

(1) ag,..., oy € Fgm, Fg-linearly independent,
(2) B1,..., Bn—k € Fgm, Fg-linearly independent,
(3) Br.-.., Bn-k € (01, ..., ),

kx(n—k)
(4) CeFy .
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GRC Matrix

Let v € Fgm such that Tr(y) # 0 and s be an integer coprime to m. We

define the map

T ]qu — ]qu

@ ity O (o) Sjo(e/(e))

(1) ag,..., oy € Fgm, Fg-linearly independent,
(2) B1,..., Bn—k € Fgm, Fg-linearly independent,
(3) Br.-.., Bn-k € (01, ..., Q)

kx(n—k) !
(4) CeFy .

The matrix X € Iﬁ‘gi(”_k) defined by

Xij = m(aif)) + cij
is a Generalized Rank-Cauchy (GRC) Matrix.
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GRC Matrix

Let v € Fgm such that Tr(y) # 0 and s be an integer coprime to m. We

define the map

T ]qu — ]qu

@ ity O (o) Sjo(e/(e))

(1) ag,..., oy € Fgm, Fg-linearly independent,
(2) B1,..., Bn—k € Fgm, Fg-linearly independent,
(3) B1. ..., Bn—k € (a1
(4) C e FE¥(=H),

The matrix X € Iﬁ‘gi(”_k) defined by

Xij = m(aif)) + cij
is a Generalized Rank-Cauchy (GRC) Matrix.
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Generalized Cauchy matrix

(1) xq4,..., xx € Fq pairwise distinct,
(2) vi,..., Yn—k € Fq pairwise distinct,
(3) Vi, ., VYn—k € ]Fq \ {Xl ..... Xk},

The matrix X € ]FZX("_k) defined by Xi,jzxffjjj is called Generalized
Cauchy (GC) Matrix.

Alessandro Neri 19 June 2019 16 / 19



Generalized Cauchy Matrix

(1) X1yooos Xk € Fq s.t. |{X1 ..... Xk}| =
(2) Vi1, Yn—k S ]Fq s.t. |{y1 ..... Yn—k}| = n— k
(3) {yl ----- yn—k} - Fq \ {Xl ..... Xk},

The matrix X € ]FZX("_k) defined by Xi,jzxffjjj is called Generalized
Cauchy (GC) Matrix.
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GRC Matrix

Let v € Fgm such that Tr(y) # 0 and s be an integer coprime to m. We
define the map

T ]qu — ]qu

@ ity O (o) Sjo(e/(e))

(1) ag,..., oy € Fgm, s.t. dim(ay, ..., ak)r, = K,

(2) B1,..., Bn—k € Fgm, s.t. dim{By, ..., Bn—k>]Fq =n— k.
(3) B1. ..., Br—k)r, € (1
(4) C e FE¥(=H),

The matrix X € Iﬁ‘gi(”_k) defined by

Xij = m(aif)) + cij
is a Generalized Rank-Cauchy (GRC) Matrix.

Alessandro Neri
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Standard Form of Gabidulin Codes

Theorem 1 [N. '18]

codes given by

There is a 1-1 correspondence between GRC matrices and Gabidulin

X «— rowsp( Ik | X ).
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Standard Form of Gabidulin Codes

Theorem 1 [N. '18]

There is a 1-1 correspondence between GRC matrices and Gabidulin

codes given by
X «— rowsp( Ik | X ).

For every A € GLk(Fy), B € GL,_(Fy),

every minor of the matrix AXB is non-zero!

(%)
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Standard form of Gabidulin codes
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Standard form of Gabidulin codes

dy GRS codes +— WV matrices <+— GC matrices
dr | Gabidulin codes <+— Moore matrices <+— s
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Standard form of Gabidulin codes

dy GRS codes +— WV matrices <+—  GC matrices

I ! !

dr | Gabidulin codes <+— Moore matrices <+— GRC matrices
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